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Abstract
We consider quantum field theory in four-dimensional Minkowski spacetime, with the position
coordinates represented by twistors instead of the usual world-vectors. Upon imposing canonical
commutation relations between twistors and dual twistors, quantum theory of fields described by
non-holomorphic functions of twistor variables becomes manifestly non-commutative, with Lorentz
symmetry broken by a time-like vector. We discuss the free field propagation and its impact on the
short- and long-distance behavior of physical amplitudes in perturbation theory. In the ultraviolet
limit, quantum field theories in twistor space are generically less divergent than their commutative
counterparts. Furthermore, there is no infrared–ultraviolet mixing problem.
PACS numbers: 11.10.Nx 02.40.Gh 03.70.+k 04.20.Gz
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Twistor theory [1] offers an alternative description of the four-dimensional spacetime in
which spinors are regarded more fundamental than world-vectors. At the classical level,
twistors provide very convenient tools for analyzing certain aspects of four-dimensional
geometry [2]. Twistor quantization [1, 3, 4] leads, however, to a radical departure from
the concept of spacetime continuum. It makes points fuzzy while maintaining a well-defined
concept of null direction, as opposed to the conventional spacetime quantization that keeps
points well-defined, but with light cones fuzzy due to the fluctuating metric. Thus the effects
of twistor quantization are not limited to quantum gravity: they affect quantization of all
fields. Most of previous studies of quantum fields in twistor space [1, 4] have been limited to
holomorphic fields that are in some way insensitive to twistor quantization. Here, we con-
sider the more general case of non-holomorphic fields. As explained below, their dynamics
are indeed affected by the non-commutative structure of quantum twistor spacetime.
The twistor coordinates in Minkowski space are pairs of two-component spinor fields
Z
α = (ωA , πA′) ; α = 1, 2, 3, 4, A, A
′ = 1, 2, (1)
with
ωA = ω
◦ A − ixAA′π◦A′ , πA′ = π
◦
A′ , (2)
where the hermitean matrix xAA
′
represents the position vector and (ω
◦ A, π
◦
A′) are constant
spinors whose values coincide with those of (ωA, πA′) at the origin.
1 By complex conjuga-
tion, one obtains the dual twistor
Z¯α = (π¯A , ω¯
A′), (3)
where ω¯A
′
= ωA ∗ and π¯A = π
∗
A′ . In quantum theory, the twistors Z
α and Z¯α become
operators satisfying the canonical commutation relation [3, 4]
[Zα, Z¯β ] = ~δ
α
β . (4)
The fields on twistor space are usually assumed to be holomorphic functions of twistor
variables [1, 4] which, according to Eq.(4), remain commuting upon quantization. They can
1 We use the notation and conventions of Penrose and Rindler, Ref.[2]. In particular, x00
′
= (t + z)/
√
2
and the speed of light c = 1. The spinor indices are raised and lowered as usual, by the two-index
antisymmetric tensor ǫ: for instance, ψA → ψA = ǫABψB.
2
be mapped into the functions satisfying the conventional field equation in Minkowski space
(like φ = 0) by using the celebrated Penrose transform [1, 2, 5]. With such a restriction,
however, it is difficult to construct a quantum field theory in twistor space that would be
related in a more or less straightforward way to the second quantization in Minkowski space.2
The null twistors, satisfying ZαZ¯α = 0, represent null geodesics in Minkowski space, gen-
erated by xAA
′ → xAA′+k π¯◦ Aπ◦ A′ with real k [2]. In order to represent points as intersections
of such geodesics, one has to introduce two orthogonal, null twistors Zαa , a = 1, 2, [1, 2] such
that
Z
α
a Z¯α b = ω
A
a π¯bA + πaA′ω¯
A′
b = 0 ; a, b = 1, 2. (5)
Then the position of the point is
xAA
′
=
i
π1B′πB
′
2
[(ωA1 − ω
◦ A
1 )π
A′
2 − (ωA2 − ω
◦ A
2 )π
A′
1 ]. (6)
Here, we expressed x in terms of the holomorphic twistor variables. Of course a similar
formula holds for x expressed in terms of the dual (anti-holomorphic) variables. Both de-
scriptions are equivalent (and consistent with each other) due to Eq.(5). We adopt the point
of view that twistor coordinates are fundamental, thus vectors should merely appear as aux-
iliary coordinates. In order to parameterize Minkowski space, we freeze the π-components
and use the ω-components as the primary coordinate variables. Note that even with fixed
πaA′ = π
◦
aA′ , Lorentz symmetry can be preserved by assuming that the internal indices la-
belling the two twistors transform in a way that compensates the SL(2,C) transformations
acting on the spinor indices.
We quantize twistors by generalizing the commutator (4) to
[Zαa , Z¯bβ ] = ~δ
α
β δab . (7)
Now the symmetry group acting on the internal indices is limited to U(2), hence freezing the
π-components breaks Lorentz symmetry down to the SO(3) subgroup of spatial rotations.
The order parameter is the time-like vector
lAA′ = π¯1Aπ1A′ + π¯2Aπ2A′ , l
2 = 2|π1A′πA′2 |2 ≡ µ2 . (8)
2 A particularly interesting idea in this direction is to study the so-called twistor diagrams, see e.g. Refs.
[1, 4, 6]. It seems very difficult though, to make a connection between twistor diagrams and Lagrangian
formalism. One of the problems is that even the standard plane wave functions have no simple represen-
tation in terms of holomorphic twistor integrals.
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Translations of the holomorphic functions of Z1,Z2 are generated by
∂
∂xAA′
= −i πaA′ ∂
∂ωAa
(9)
Thus the momentum operator, restricted to the subspace of holomorphic functions is
pAA′ = −~ πaA′ ∂
∂ωAa
. (10)
Its eigenfunctions are
fp(ω) = e
−ωAa ω˜
a
A
/~ , pAA′ = ω˜
a
AπaA′ . (11)
Of course, the spinors ω˜ are must satisfy the reality condition
ω˜ aAπaA′ = π¯aA ¯˜ω
a
A′ . (12)
We are interested in non-holomorphic fields depending on the coordinates ω and ω¯. The
commutation relations (7) ensure that these are commuting variables as long as they are
associated to the same point x. In particular,
[ω
◦ A
a , ω¯
◦ A′
b ] = [π
◦
aA′ , π¯
◦
bA] = 0 . (13)
However, the non-vanishing commutators
[ω
◦ A
a , π¯
◦
bB] = ~δ
A
Bδab , [π
◦
aA′ , ω¯
◦B′
b ] = ~δ
B′
A′ δab , (14)
combined with Eq.(2), imply that for the coordinates ωAa (x1) and ω¯
A′
b (x2) associated to two
arbitrary points x1 and x2, respectively,
[ωAa (x1), ω¯
A′
b (x2)] = i~(x
AA′
2 − xAA
′
1 )δab . (15)
Thus while the coordinates ω and ω¯ commute locally, they are non-locally non-commutative.
It is a “foggy” type of commutator, with the uncertainty growing with separation. Other
commutation relations of the full quantum twistor algebra are:
[ωAa (x), π¯bB] = ~δ
A
Bδab , [πaA′ , ω¯
B′
b (x)] = ~δ
B′
A′ δab ,
(16)
[ωAa (x1), ω
B
b (x2)] = [πaA′ , πbB′ ] = [πaA′ , π¯bA] = 0 .
Note that the positions x defined in Eq.(6) are c-number quantities commuting with all
twistor variables. It is easy to show that Eq.(6) is consistent with Eqs.(15,16) and to check
that the algebra is closed.
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As already announced before, we will be considering fields with the locally commuting
ω-components as the position coordinates. The step of choosing a fixed π should be then
regarded as the selection of one specific field mode. Due to the reality condition (5), a given
π defines Minkowski spacetime as a (pseudo-real) hypersurface of the complex ω-space. The
associated field mode propagates on the corresponding hypersurface. In that respect, our use
of coordinates is different from traditional twistor theory because it is based on a direct map
from twistors to Minkowski spacetime instead of the Penrose transform [5]. Since Lorentz
invariance is broken by the choice of the hypersurface, c.f. Eq.(8), it is appropriate to refer
to the spacetime parameterized by ω as to foggy æther. In the rest of this article, we study
some properties of quantum fields propagating in foggy æther.
Let us consider a free, real massless scalar field
φ(ω, ω¯) =
∫
d3~p√
(2π)32|~p |
(
ape
ωAa ω˜
a
A
/~ + a†pe
¯˜ω a
A′
ω¯A
′
a /~
)
. (17)
Here, ω˜ represent momenta satisfying the on-shell condition p2 = 0, hence they can be
parameterized as (ω˜1A, ω˜
2
A) = (ρ˜A, λρ˜A), with λ and ρ˜A subject to the reality condition
following from Eq.(12). The momentum integration measure can be written in terms of such
twistor variables, however, for practical purposes, it is more convenient to use the standard
d3~p measure. The creation and annihilation operators satisfy the canonical commutation
relation
[ap, a
†
p′] = δ
3(~p− ~p ′) . (18)
We are interested in the free Feynman propagator
iD(x′ − x) = 〈0|φ(ω′, ω¯′)φ(ω, ω¯)|0〉θ(t′ − t) + 〈0|φ(ω, ω¯)φ(ω′, ω¯′)|0〉θ(t− t′), (19)
where ω ≡ ω(x) and ω′ ≡ ω(x′). The Heaviside (step) θ-functions enforce the time-ordering
of field operators. We take the product of free fields of Eq.(17) and apply the Baker-Hausdorff
formula together with the commutator given in Eq.(15):
eω
A
a (x
′)ω˜ a
A
(p′)/~ e
¯˜ω b
A′
(p)ω¯A
′
b
(x)/~ = e[ω
A
a (x
′)ω˜ a
A
(p′)+¯˜ω a
A′
(p)ω¯A
′
a (x)+
i
2
(x−x′)AA
′
ω˜ a
A
(p′)¯˜ω a
A′
(p)]/~ (20)
After using Eq.(18), we obtain
iD(x′ − x) =
∫
d3~p
(2π)32|~p |
[
e−ip·(x
′−x)(p+2l)2/(4µ2~)θ(t′ − t) + eip·(x′−x)(p+2l)2/(4µ2~)θ(t− t′)
]
,
(21)
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where l is the time-like vector introduced in Eq.(8). We integrate over three-momenta in
the isotropic æther frame with
l = (µ,~0 ) , x′ − x = (t, ~r ) . (22)
The result is
D(t, ~r ) = θ(t)[E(t+ r)− E(t− r)]− θ(−t)[E(−t− r)− E(−t+ r)] , (23)
where
E(τ) = ~
4π2r
∫ ∞
0
e−iEτ/~ dE
(
√
1 + 8E/µ+ 1)
√
1 + 8E/µ
. (24)
In the formal limit of infinite mass scale µ,
E(τ) −−−→
µ→∞
~2
8πr
[δ(τ)− P i
πτ
] , (25)
where P denotes the principal value, thus the result (23) yields the standard Lorentz-
invariant propagator of a massless scalar field in Minkowski spacetime. As expected, non-
commutative effects disappear in the infrared limit, for a field propagating over large dis-
tances. On the other hand, short-distance propagation in foggy æther is very different from
the propagation in the usual relativistic vacuum. If the zero-distance limit is taken with
r ≡ ǫr → 0 first and then t ≡ ǫt → 0, the standard Feynman propagator diverges quadrati-
cally as (ǫrǫt)
−1, while the propagator of Eqs.(23) and (24) exhibits only a milder, ǫ−1t linear
singularity. With the limit taken in the opposite order, one finds ǫ−2r vs. ǫ
−1
r . Furthermore,
the light-cone singularity at t = ±r + ǫ, ǫ → 0, which yields a linear divergence ǫ−1 in the
standard case, is now replaced by ln ǫ. To summarize, the non-commuting property (15) of
twistor coordinates leads to a softer behavior of the Feynman propagator in the ultraviolet
limit, without affecting its infrared behavior.
The propagator (23) can be rewritten in terms of its Fourier transform as:
D(x′ − x) =
∫
d4k
(2π)4
e−ik(x
′−x)/~D˜(k), (26)
where
D˜(k) =
1
k2 + iε
× 2
[√
8|~k|/µ+ 1(
√
8|~k|/µ+ 1 + 1)
]−1
, (27)
with Feynman’s iε prescription. The milder character of short-distance singularities mani-
fests now in a stronger suppression of high-momentum modes: D˜(k) ∼ |~k|−3 for |~k| ≫ µ.
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As mentioned before, non-commutative effects disappear in the infrared limit: D˜(k) ∼ k−2
at |~k| ≪ µ. Note that the momentum propagator (27) contains only one singularity, a
pole at k2 = 0, which reflects the fact that non-commutativity does not affect the standard
relativistic dispersion relation.
In non-commutative field theories, the interactions are usually modified compared to the
commuting case. For example, on non-commutative Groenewold-Moyal plane, local field
products are replaced by the so-called star products [7]. Foggy æther is different in that
respect because it is locally commutative, therefore local interactions need no modifications.
Thus at least in perturbation theory, the modifications of tree-level amplitudes and of their
loop corrections (Feynman diagrams) are completely determined by the properties of Feyn-
man propagators described in the previous paragraph. It is clear from our discussion that
non-commutative field theories in twistor space do not suffer from the notorious infrared–
ultraviolet mixing problem [8, 9]. Furthermore, the ultraviolet divergences of loop diagrams
are milder than those of their commutative counterparts. For instance, na¨ıve power count-
ing, based on Eq.(27), indicates that foggy gauge theories are perturbatively finite. More
thorough analysis is necessary, however, to confirm that this is indeed the case.
One of the most striking features of non-commutative field theory discussed in this paper
is the violation of Lorentz invariance. It is natural to identify the isotropic æther frame
(22) with the frame of the cosmic microwave background. Then in Earth-based experiments
not only boost-symmetry would be violated, but also spatial anisotropy could be observ-
able.3 The non-commutativity mass scale µ must be sufficiently high, certainly above 10
TeV [10], in order to comply with all experimental constraints. The existing data, see e.g.
Ref.[11], provide very stringent bounds on various Lorentz symmetry violating parameters
[12]. Without addressing the question how these parameters are related to µ, it is prema-
ture, however, to quote here some stronger bounds. We leave detailed analysis of Lorentz
symmetry violation to a future study.
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